The viscosity of quantum uids with an energy gap at zero temperature is non-dissipative and is related to the adiabatic curvature on the space of at background metrics (which plays the role of the parameter space). For a
Classically, the elastic modulus and viscosity are tensors of rank 4, which relate the stress tensor T to the strain tensor e and strain-rate tensor _ e 1]. In the limit of small strain-rates T (e; _ e) = T (e; 0) + X ; _ e ; ; ; ; = 1; : : : ; d; (1) where d is the dimension of con guration space. The elastic modulus tensor = ? 1 2 @T (e;0) @e is symmetric in all its indices. Classical Newtonian uids 2] o er no resistance to shear; so, all shear modes are soft and has rank one.
The term P _ e in Eq. (1) 
The symmetric part, being associated with dissipation, is a de nite quadratic form on the space of 2-tensors (strain-rates). If a uid is isotropic, then S = + ; (3) where and are the two viscosity constants 2] . If the uid is also incompressible, may be put to zero with no loss. This is the normal situation in Newtonian uid mechanics. The anti-symmetric part of the viscosity tensor describes non-dissipative response. One normally assumes that it is absent because of no compelling evidence to think otherwise.
Quantum uids can have a ground state which is separated by a nite gap from the rest of the spectrum. At zero temperature such a uid will have a non-dissipative and to topological invariants 9]. The connection with gravity comes about because the adiabatic curvature relevant for viscosity is a 2-form on the space parameterizing at background metrics. In other words, the viscosity stress tensor can be viewed as describing the response of the system to certain adiabatic deformations of the metric.
Let us rst recall a general fact from the theory of adiabatic response 10]. Consider a family of Hamiltonians H(X) which depend smoothly on a set of parameters X = fX 1 ; : : : ; X n g ( X denotes a point in parameter space while x denotes a point in con guration space). Let j (X)i be a (normalized) non-degenerate state of H(X),
with energy E(X). Let X(t) be a path in parameter space which is traversed adiabatically; _ X is the velocity along the path. We assume throughout that the state stays non-degenerate along the path.
By the principle of virtual work, ? H X is the observable corresponding to the generalized force related to X 11]. Adiabatic response theory says that, in the In the special case where j i is a (normalized) multiparticle state corresponding to N non-interacting fermions in the single particle (normalized) states j'`i with energies E`(X) (all depending smoothly on parameter X) one has
To apply all this to viscosity one needs to identify appropriate parameters so that @H @X j is related to the energy-momentum tensor and _ X to the rate of strain. We shall argue that this is done by at metrics (metrics with constant coe cients).
Consider a uid con ned to a given domain in d dimensional Euclidean space.
The planar parallelogram shown in Fig. 1 
The total stress has dimension of energy, while the stress has the dimension of pressure). For example, for a free particle of mass m in D the kinetic energy is H(g) = m 2 X g v v ; (8) and the total stress is the observable ? @H @e e=0 = m v v : (9) This is reminiscent of general relativity where the (local) energy-momentum tensor is related to the variation of the action due to (local) deformation of the metric.
Adiabatic deformations of the strain give the quantum version of Eq. (1):
The elastic modulus tensor = 1 2 @ 2 E @e @e is manifestly symmetric in all its indices. The adiabatic curvature plays here the role of non-dissipative viscosity. For homogeneous uids the viscosity tensor and the adiabatic curvature are related by = V A ; (11) where V is the volume of the uid. The adiabatic curvature has units of Planck constant h. This is analogous to the situation in the quantum Hall e ect where the adiabatic curvature (=conductance) has units of e 2 = h.
Let us illustrate these ideas on a concrete example. Consider two dimensional Quantum Hall uid on a torus, such as in Fig.1 , with opposite sides identi ed.
Explicitly, let Q be the unit square in con guration space: (x; y) 2 Q = 0; 1] 0; 1].
We shall choose the following coordinates on the deformation space of at metrics: fV; 1 ; 2 j V; 2 > 0g. By V = p det g we denote the area and we use complex variable = 1 + i 2 to parameterize deformations that preserve the volume. 
There is a single transport coe cient related to viscosity and it is B= (4 2 2 ). The interpretation of this result is as follows. Consider two dimensional Hall uid on a surface of a cylinder. Compressing it in the radial direction (or in the axial direction) results in a twist rate of one boundary circle relative to the other. And vice versa: a shear of the two boundary circles results in a compression rate of the radial direction and stretching rate of the axial direction.
It may be instructive to compare these transport equations, Eq. (17), with the transport equations for the Hall conductance for Landau levels on the torus. These too follow from Eqs. (4) Comparing the conductance and viscosity one sees that the viscosity increases linearly with magnetic eld, while the conductance is independent of it, and that the conductance is constant on the ux space while the viscosity is 2 -dependent.
To appreciate the geometric signi cance of Eq. (17) 
